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Abstract
We introduce a family of graphs that generalises the class of Cayley graphs. For non-
empty subsets L,R of a group G, the two-sided Cayley graph 2SCay(G;L,R) is the
directed graph with vertex set G and an arc from x to y if and only if y = `−1xr for
some ` ∈ L and r ∈ R. Thus, in common with Cayley graphs, two-sided Cayley graphs
may be useful to model networks as the same routing and communication scheme can be
implemented at each vertex. We determine when two-sided Cayley graphs are simple undi-
rected graphs, and give sufficient conditions for them to be connected, vertex-transitive,
or Cayley graphs. Several open problems are posed. Many examples are given, including
one on 12 vertices with connected components of sizes 4 and 8.
Key words: Cayley graph, vertex-transitive graph, Group.
Subject classification: 05C25 .
1 Introduction
In this paper we study a family of graphs that generalises the class of Cayley graphs. We call
the new graphs two-sided Cayley graphs and explore some of their properties. For a subset
S of a group G such that the identity e /∈ S and S = S−1 (where S−1 = {s−1|s ∈ S}), the
Cayley graph Γ = Cay(G,S) is the graph with vertex set G such that a vertex pair (x, y) is
an arc if and only if xy−1 ∈ S. The conditions e 6∈ S and S = S−1 ensure that Γ may be
viewed as a simple undirected graph, and that the group G acts by right multiplication as
a vertex-transitive group of automorphisms [4]. Cayley graphs were introduced by Arthur
Cayley in 1878 to explain the concept of an abstract group given by a set of generators [5].
There are many meaningful applications of Cayley graphs in molecular biology, computer
science and coding theory [3, 8, 9, 11]. Because of their symmetry properties, Cayley graphs
are used as models for many interconnection networks. Moreover various generalisations of
Cayley graphs have been introduced in the literature as prototypes of transitive graphs with
some degree of success: for instance, quasi-Cayley graphs by Gauyacq [7], various kinds of
groupoid graphs by Mwambene [12, 13], group action graphs by Annexstein et al [1], and
general semigroup graphs by Kelarev and the second author [10].
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One of the advantages of using Cayley graphs as models of networks is that their vertex-
transitivity makes it possible to implement the same routing and communication scheme at
each node of the network. At each vertex x of Cay(G,S) the edges from x go to the vertices sx
for s ∈ S. Thus we may view S as a ‘connection subset’ Sˆ := {λe,s | s ∈ S} of permutations
of G (where λe,s is the permutation g 7→ gs) that determines adjacency locally at each vertex.
Two-sided Cayley graphs: basic properties
A two-sided Cayley graph also possesses this local connection property, and is more general
in the sense that the connection subset of permutations may act on both sides, that is to say,
we consider permutations of the form λ`,r : g 7→ `−1gr for certain `, r ∈ G.
Definition 1.1 For non-empty subsets L,R of a group G, we define the two-sided Cayley
graph 2SCay(G;L,R) as the (directed) graph with vertex set G with an arc from x to y if
and only if y = `−1xr for some ` ∈ L and r ∈ R. The connection set of 2SCay(G;L,R) is
defined as the set Sˆ(L,R) = {λ`,r : (`, r) ∈ L×R}.
We note that the edges of 2SCay(G;L,R) from a vertex x go to the vertices (x)λ, for
λ ∈ Sˆ(L,R). If the adjacency relation is symmetric, in the sense that (x, y) is an arc if
and only if (y, x) is an arc, then 2SCay(G;LR) will be regarded as an undirected graph.
Conditions for this to occur and also for the graph to contain no loops or multiple edges,
that is to say, conditions for 2SCay(G;LR) to be a simple undirected graph, can be given in
terms of properties of L and R as follows.
Definition 1.2 A pair (L,R) of subsets of a group G with identity element e has the 2S-
Cayley property if both L,R are non-empty, and the following conditions all hold.
(1) L−1gR = LgR−1 for each g ∈ G;
(2) Lg ∩R = ∅ for each g ∈ G;
(3) (LL−1)g ∩ (RR−1) = {e} for each g ∈ G.
Theorem 1.3 Let L,R be nonempty subsets of a group G. Then 2SCay(G;L,R) is a simple
undirected graph if and only if (L,R) has the 2S-Cayley property. If this is the case then
2SCay(G;L,R) has valency |L|.|R|.
We prove Theorem 1.3 in Section 3 by studying separately the significance of each of the
conditions in Definition 1.2 (Lemma 3.1). If both of the sets L,R are inverse-closed, that is
to say, if L = L−1 and R = R−1, then the conditions of Definition 1.2 are somewhat simpler.
However it is possible for a pair of subsets to have the 2S-Cayley property but not both be
inverse-closed, as demonstrated by Example 2.1.
We also show in Lemma 3.1 that, for (L,R) with the 2S-Cayley property, each element λ`,r
of Sˆ(L,R) is a derangement of G, that is to say, λ`,r has no fixed points in G. Proposition 3.3
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provides a set of conditions on the connection set Sˆ(L,R) which hold for (L,R) with the
2S-Cayley property.
Remark 1.4 (a) Each Cayley graph is a two-sided Cayley graph, namely if e 6∈ S and
S = S−1, then Cay(G,S) = 2SCay(G;S, {e}), and it is easy to check that (S, {e}) has the
2S-Cayley property. There are sometimes other possibilities for the subsets L,R giving the
same Cayley graph. We describe such a graph in Example 2.2.
(b) As mentioned above each Cayley graph is vertex transitive. This is not the case for two-
sided Cayley graphs, indicating in particular that these graphs form a strictly larger family
of graphs: we present in Example 2.3 a two-sided Cayley graph with two non-isomorphic
connected components.
(c) A Cayley graph Cay(G,S) is connected if and only if S generates G. Theorem 1.5 gives
an analogue of this connectivity criterion for two-sided Cayley graphs in the case where L,R
are inverse-closed subsets.
By a word in a subset L of a group G, we mean a string w = `1`2 . . . `k with each `i ∈ L;
the integer k is called the length of w, denoted |w|, and we often identify w with its evaluation
in G (the element of G obtained by multiplying together the `i in the given order).
Theorem 1.5 Let L,R be inverse-closed subsets of a group G with the 2S-Cayley property,
and let Γ = 2SCay(G;L,R). Then Γ is connected if and only if
(∗) G = 〈L〉 〈R〉, and there exist words w in L and w′ in R, with lengths of opposite parity,
such that ww′ = e in G.
Further, if G = 〈L〉 〈R〉, but condition (∗) does not hold, then Γ is disconnected with exactly
two connected components.
Remark 1.6 (a) The exceptional case of Theorem 1.5 does arise, see the family of graphs
in Example 2.4. Moreover, the proof of Theorem 1.5 in Section 3 shows that, if G = 〈L〉 〈R〉
but condition (∗) does not hold then, for each g ∈ G, and each expression g = ww′, where w
and w′ are words in L and R respectively, the parity of the sum |w|+ |w′| is independent of
the words w,w′, and depends only on g. Let δ(g) ∈ {0, 1} where δ(g) ≡ |w| + |w′| (mod 2).
We show that the connected components of Γ are the sets Cδ = {g | g ∈ G, δ(g) = δ}, for
δ ∈ {0, 1}. In particular e ∈ C0 and L ∪R ⊆ C1.
(b) It is not clear how to modify the proof to cover the cases where not both of L,R are
inverse-closed.
Problem 1 Find necessary and sufficient conditions for 2SCay(G;L,R) to be connected,
where L,R have the 2S-Cayley property but are not both inverse-closed.
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We now mention several generic isomorphisms between two-sided Cayley graphs for a
group G, that are induced from automorphisms of G. This result is proved in Section 4.
Theorem 1.7 Let L,R be non-empty subsets of a group G, let x, y ∈ G, and σ ∈ Aut(G).
(a) If at least one of the following pairs has the 2S-Cayley property, then they all do:
(L,R), (R,L), (Lσ, Rσ), (Lx, Ry).
(b) Let Γ = 2SCay(G;L,R) and suppose that (L,R) has the 2S-Cayley property. Then
2SCay(G;L,R) ∼= 2SCay(G;R,L) ∼= 2SCay(G;Lσ, Rσ) ∼= 2SCay(G;Lx, Ry).
The smallest vertex transitive graph that is not a Cayley graph is the Petersen graph
P on 10 vertices, and we wondered whether P could be a two-sided Cayley graph for some
group of order 10. However, the following result about connected two-sided Cayley graphs of
prime valency shows that P cannot be a two-sided Cayley graph, since P has valency 3 and
is not a Cayley graph, and the only groups of order 10 are abelian or dihedral.
Theorem 1.8 Let L,R be subsets of a group G with the 2S-Cayley property, and suppose
that Γ = 2SCay(G;L,R) is connected and regular of prime valency p. Then either Γ is a
Cayley graph, or p is odd and the following all hold, up to interchanging L and R.
(a) R = {r}, where r lies in a G-conjugacy class C of non-central elements;
(b) G = 〈L〉, |L| = p, and L ∩ C = ∅.
Moreover if G is abelian or if G is dihedral of twice-odd order, then Γ is a Cayley graph.
Problem 2 Find other natural classes of two-sided Cayley graphs that can be guaranteed to
be Cayley graphs.
Symmetry of two-sided Cayley graphs
Example 2.3 demonstrates that not all two-sided Cayley graphs are Cayley graphs. We next
give sufficient conditions on L,R for 2SCay(G;L,R) to be a Cayley graph for G.
It has been known since at least 1958 that a simple undirected graph is a Cayley graph
if and only if its automorphism group has a subgroup acting regularly on the vertices (see
Sabidussi [14, Lemma 4]). A permutation group is regular if it is transitive, and only the
identity fixes a point. For any group G, the right regular representation and left regular
representation give two regular subgroups of Sym(G), each isomorphic to G, namely GR =
{λe,g|g ∈ G} and GL = {λg,e|g ∈ G}.
Theorem 1.9 Let L,R be subsets of a group G with the 2S-Cayley property, and let Γ =
2SCay(G;L,R).
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(a) GR ≤ Aut(Γ) if and only if L−1gR = L−1Rg for each g ∈ G; here Γ = Cay(G,L−1R).
(b) GL ≤ Aut(Γ) if and only if L−1gR = gL−1R for each g ∈ G; here Γ ∼= Cay(G,R−1L).
Remark 1.10 (a) Theorem 1.9 is proved in Section 5, and we derive from it, in Proposi-
tion 5.1, two sufficient conditions for 2SCay(G;L,R) to be a Cayley graph for G in terms of
certain factorisations of the group G.
(b) The conditions given in Theorem 1.9 are far from necessary. We give in Example 2.5 a
family of examples of two-sided Cayey graphs, all of which are Cayley graphs, where none of
the conditions of Theorem 1.9 or of Proposition 5.1 hold.
(c) A more general study of the permutations λx,y which act as automorphisms of a two-sided
Cayley graph leads to a sufficient condition for such a graph to be vertex-transitive, namely
that G factorises as G = NG(L)NG(R) (Proposition 5.2). Studying the subclass of two-
sided Cayley graphs Γ = 2SCay(G;L,R) which are guaranteed to be vertex-transitive by the
conditionG = NG(L)NG(R) may be profitable. In particular the 2S-Cayley property becomes
much simpler (Proposition 5.3). However we do not know if all such graphs are Cayley graphs,
or if there are vertex-transitive two-sided Cayley graphs for which G 6= NG(L)NG(R).
Problem 3 Determine whether or not all two-sided Cayley graphs Γ = 2SCay(G;L,R) for
which G = NG(L)NG(R) are Cayley graphs.
Problem 4 Find necessary and sufficient conditions on a two-sided Cayley graph to be
vertex-transitive.
2 Examples of two-sided Cayley graphs
In this section we give several examples of two-sided Cayley graphs which exhibit various
interesting properties. First we give an example of a two-sided Cayley graph which is a
simple graph but for which the defining subsets L,R are not inverse-closed.
Example 2.1 Let G be the dihedral group 〈a, b | a6 = b2 = e, bab = a−1〉 of order 12, and let
L = {a, a2} and R = {b, a3b}. We note that L is not inverse-closed, but R = R−1. We check
below that (L,R) has the 2S-Cayley property, and so by Theorem 1.3, Γ = 2SCay(G;L,R) is a
simple undirected two-sided Cayley graph of valency 4. Also the condition of Theorem 1.9 (b)
holds so the left multiplication action of GL is a subgroup of automorphisms, proving that Γ
is a Cayley graph, in fact Γ = Cay(G,LR). Also Γ is the lexicographic product C6[2.K1] of
a cycle of length 6 and two isolated vertices 2.K1.
Proof. We verify the condition of Definition 1.2 for Γ = 2SCay(G;L,R). Note that R =
R−1. For g = aib we have gR = {ai, ai+3} and so L−1gR = LgR−1 = {aj |j = 1, 2, 4, 5}.
Similarly for g = ai, L−1gR = LgR−1 = {ajb | j = 1, 2, 4, 5}. This proves condition (1). Next
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Figure 1: Disconnected two-sided Cayley graph with non-isomorphic components
we note that, for each g ∈ G, Lg equals L or L−1 and each is disjoint from R, so (2) holds.
Finally LL−1 = {e, a, a5} is G-invariant and meets RR−1 = {e, a3} in {e}, so (3) holds. 
Next we give the Cayley graph example referred to in Remark 1.4(a).
Example 2.2 Let G = Sym(3), L = {e, (12)} and R = {(123), (132)}. It is easy to check
that (L,R) satisfies conditions (1)−(3) of Definition 1.2, so (L,R) has the 2S-Cayley property,
and by Theorem 1.3, Γ := 2SCay(G;L,R) is a simple undirected two-sided Cayley graph of
valency 4. A straightforward computation verifies that Γ is isomorphic to the complete graph
K6 with the edges of the following matching removed: {e, (12)}, {(13), (123)}, {(23), (132)}.
Also Γ is the Cayley graph Cay(G,LR) (see Theorem 1.9 and Remark 1.10(a)). This repre-
sentation of Cay(G,LR) as a two-sided Cayley graph is in addition to the one in Remark 1.4,
namely 2SCay(G;LR, {e}). Note also that Γ ∼= 2SCay(G;R,L) = Cay(G,RL), see Theo-
rem 1.9.
Now we present a two-sided Cayley graph with non-isomorphic connected components,
promised in Remark 1.4(b).
Example 2.3 Let G be the dihedral group 〈a, b | a6 = b2 = e, bab = a−1〉 of order 12, and let
L = {ab, a3, e} and R = {b}. It is easy to check that (L,R) has the 2S-Cayley property, and
so by Theorem 1.3, 2SCay(G;L,R) is a simple undirected two-sided Cayley graph of valency
3. In addition, G 6= 〈L〉 〈R〉, so 2SCay(G;L,R) is disconnected, by Theorem 1.5. In fact
2SCay(G;L,R) has two non-isomorphic components of orders 4 and 8, as shown in Figure 1,
and in particular this graph is not vertex-transitive.
The next family of examples demonstrates that disconnected two-sided Cayley graphs
2SCay(G;L,R) exist with G = 〈L〉 〈R〉 (see Remark 1.6).
Example 2.4 Let G be the dihedral group 〈a, b | an = b2 = e, bab = a−1〉 of order 2n, and
let L = {b} and R = {a, a−1}. It is easy to check that (L,R) has the 2S-Cayley property, and
so by Theorem 1.3, Γ := 2SCay(G;L,R) is a simple undirected two-sided Cayley graph of
valency 2, so each connected component of Γ is a cycle. An easy computation confirms that
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if n is odd then Γ = C2n is connected, while if n is even then Γ = 2.Cn has two connected
components.
We now see how this confirms the conclusions of Theorem 1.5. For all n, G = 〈L〉 〈R〉.
Let w,w′ be words in L,R respectively such that ww′ = e. In particular ww′ ∈ 〈a〉, and
hence w evaluates to e in G, so |w| is even. Thus also w′ = e in G, and there exists such
a word w′ of odd length if and only if n is odd, so by Theorem 1.5, Γ is connected if and
only if n is odd. Suppose that n is even, and note that the identity e is joined to ba and
ba−1. In this case the two components of Γ are as described in Remark 1.6, for example, the
component C0 containing e consists of the elements a2i, ba2i−1 for all i.
Finally we give the examples referred to in Remark 1.10 (b). To construct these graphs
we use groups with at least one non-normal subgroup. A Hamiltonian group is a non-abelian
group in which all subgroups are normal. Richard Dedekind investigated finite Hamiltonian
groups in 1895, and came close to a classification of them [6]. The classification was completed
by Baer [2]. They are precisely groups of the form Q8×P , where Q8 is the quaternion group
of order 8 and P is any abelian group containing no element of order 4. Dedekind named
these groups in honour of William Hamilton, the discoverer of quaternions, and groups in
which all subgroups are normal (that is, abelian or Hamiltonian groups) are sometimes called
Dedekind groups, or quasi-Hamiltonian groups. These are the only groups we need to avoid
in Example 2.5.
Example 2.5 LetG1 andG2 be non-abelian, non-Hamiltonian groups with identity elements
e1 and e2, and set G = G1 ×G2. For i ∈ {1, 2}, let Hi be a non-normal subgroup of Gi, and
set H#i := Hi \ {ei}. Let Γ = 2SCay(G;L,R), where L = H#1 × {e2} and R = {e1} ×H#2 .
Lemma 2.6 Let G,L,R,Γ be as in Example 2.5. Then
(a) (L,R) has the 2S-Cayley property, but does not satisfy any of the properties on L,R in
Theorem 1.9 or Proposition 5.1.
(b) The map ϕ : (g1, g2)→ (g1, g−12 ) induces an isomorphism from Γ to Cay(G,LR).
Proof. The sets L,R are inverse-closed, so Definition 1.2(1) holds. The other two condi-
tions Definition 1.2(2) and (3) hold because L ⊂ G1×{e2} while R ⊂ {e1}×G2. Thus (L,R)
has the 2S-Cayley property.
If g = (e1, g2) with g2 ∈ G2 \ NG2(H2), then L−1gR 6= L−1Rg (such an element g2
exists since H1 is not normal in G1). Similarly if g = (g1, e2) with g1 ∈ G1 \NG1(H1), then
L−1gR 6= gL−1R, so neither condition of Theorem 1.9 holds. The factors on the left hand
side of condition (δ) in Proposition 5.1 are NG1(H1)×NG2(H2) and G1×NG2(H2), and their
product is not equal to G. Similarly condition (δ′) does not hold. This proves part (a).
Each arc of Γ is of the form ((x, y), (`−1x, yr)), for some (`, e2) ∈ L, (e1, r) ∈ R. This
is mapped by ϕ to the pair ((x, y−1), (`−1x, r−1y−1)), which is an arc of Cay(G,LR), and
conversely each arc of Cay(G,LR) is the image under ϕ of an arc of Γ. 
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3 Basic properties of two-sided Cayley graphs
In this section we prove Theorems 1.3, and 1.5. We begin by showing the significance of each
of the conditions in Definition 1.2. Recall the definition of λ`,r given before Definition 1.1.
We will say that Γ = 2SCay(G;L,R) contains multiple arcs if, for some x, y ∈ G, there are
at least two arcs of Γ from x to y.
Lemma 3.1 Let L,R be nonempty subsets of a group G, and let Γ = 2SCay(G;L,R).
(a) Definition 1.2(1) holds if and only if the adjacency relation of Γ is symmetric.
(b) Definition 1.2(2) holds if and only if each λ`,r (for ` ∈ L, r ∈ R) is a derangement, and
this holds if and only if Γ has no loops.
(c) Definition 1.2(3) holds if and only if Γ has no multiple arcs.
In particular the conclusion of Theorem 1.3 is valid.
Proof. (a) Suppose first that the adjacency relation of Γ is symmetric. Then we have the
following equivalent conditions on elements x, y ∈ G.
y = `−11 xr1 for some `1 ∈ L, r1 ∈ R
iff (x, y) is an arc of 2SCay(G;L,R)
iff (y, x) is an arc of 2SCay(G;L,R)
iff x = `−12 yr2, or equivalently y = `2xr
−1
2 , for some `2 ∈ L, r2 ∈ R
It follows that L−1xR = LxR−1 for all x ∈ G, that is, Definition 1.2(1) holds. Conversely,
suppose that this condition holds, and that (x, y) is an arc of 2SCay(G;L,R). Then y = `−1xr
for some ` ∈ L, r ∈ R, and since L−1xR = LxR−1 we also have y = `2xr−12 , for some
`2 ∈ L, r2 ∈ R, so that (y, x) is also an arc.
(b) If Lg ∩ R 6= ∅ for some g ∈ G, then g−1`g = r, or equivalently, (g)λ`,r = `−1gr = g,
for some ` ∈ L, r ∈ R, which shows that λ`,r fixes the vertex g and that there is a loop on
g in Γ. Conversely existence of a loop on g implies that `−1gr = g, for some ` ∈ L, r ∈ R,
and hence that g−1`g = r ∈ Lg ∩ R. Similarly, if some λ`,r fixes a vertex g, then we have
`−1gr = g and g−1`g = r ∈ Lg ∩R.
(c) Suppose that Definition 1.2(1) holds. Assume first that (LL−1)g ∩ (RR−1) 6= {e} for
some g ∈ G. Then x := g−1`1`−12 g = r1r−12 6= e for some `1, `2 ∈ L and r1, r2 ∈ R, and hence
y := `−12 gr2 = `
−1
1 gr1. Since r1r2 6= e, the pairs (`1, r1), (`2, r2) ∈ L × R are distinct and so
there are two arcs in Γ from g to y. Conversely suppose that Γ contains multiple arcs, say two
distinct arcs from vertex x to y. Then we have y = `−1i xri for distinct pairs (`i, ri) ∈ L× R
with i = 1, 2. Now r1 6= r2 since otherwise we would also have `1 = xr1y−1 = xr2y−1 = `2.
Hence
e 6= r2r−11 = (x−1`2y)(y−1`−11 x) = x−1(`2`−11 )x ∈ (LL−1)x ∩ (RR−1)
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so condition Definition 1.2(3) fails.
Finally we prove Theorem 1.3. If Γ is simple and undirected, then Definition 1.2 parts (1),
(2) and (3) follow from parts (a), (b) and (c) above, respectively, so (L,R) has the 2S-Cayley
property. Conversely if (L,R) has the 2S-Cayley property, then parts (a)–(c) imply that Γ
is simple and undirected. In this case edges from a vertex x go to the vertices `−1xr for
(`, r) ∈ (L,R), and if `−11 xr1 = `−12 xr2, then x−1(`2`−11 )x = r2r−11 ∈ (LL−1)x ∩ (RR−1), so
by condition (3), this element is the identity, and so r2 = r1 and `2 = `1. Thus each vertex
of Γ is joined to exactly |L|.|R| other vertices. 
Next we consider various conditions on the connection set Sˆ(L,R) of 2SCay(G : L,R)
defined in Definition 1.1.
Lemma 3.2 Let L,R be nonempty subsets of a group G. Then
(a) λ−1`,r = λ`−1,r−1, for all `, r ∈ G, and in particular Sˆ(L,R)−1 = Sˆ(L−1, R−1).
(b) λ`,r = λu,v if and only if there exists x ∈ Z(G) such that u = x` and v = xr.
Proof. (a) By definition, the inverse of λ`,r maps an element x to `xr
−1, and hence is equal
to λ`−1,r−1 .
(b) Suppose that u = x` and v = xr where x ∈ Z(G). Then λu,v maps g to u−1gv =
`−1x−1gxr = `−1gr so λu,v = λ`,r. Suppose conversely that λu,v = λ`,r. Considering the
action on the identity e, we have `−1r = u−1v, so x := u`−1 = vr−1. Then, considering the
action on an arbitrary g ∈ G we have `−1gr = u−1gv = `−1x−1gxr, whence g = x−1gx for all
g ∈ G and so x ∈ Z(G). 
Proposition 3.3 Let L,R be subsets of a group G such that (L,R) has the 2S-Cayley prop-
erty, and let D(G) denote the set of all derangements of G. Then the following hold.
(1ˆ) Given ` ∈ L, r ∈ R, for each x ∈ G there exist unique `′ ∈ L, r′ ∈ R such that
ϕ := λ`,r ◦ λ`′,r′ fixes x. Moreover ϕ = id if and only if L` ∩Rr ∩ Z(G) 6= ∅.
(2ˆ) Sˆ(L,R) ⊆ D(G);
(3ˆ) (Sˆ(L,R) ◦ Sˆ(L,R)−1) \ {id} ⊆ D(G).
Proof. Let ` ∈ L, r ∈ R, and x ∈ G. First we prove that |L−1xR| = |L| |R|. Suppose
that `−11 xr1 = `
−1
2 xr2, where the `i ∈ L and the ri ∈ R. Then x−1(`2`−11 )x = r2r−11 ∈
(LL−1)x ∩ (RR−1), which is equal to {e} by Definition 1.2(3). It follows that distinct pairs
(`, r) from L×R give distinct elements `−1xr, so |L−1xR| = |L| |R|. Now, by Definition 1.2(1),
L−1xR = LxR−1, and hence there exist `′ ∈ L, r′ ∈ R such that `−1xr = `′x(r′)−1. This
implies that ϕ := λ`,r ◦ λ`′,r′ fixes x. The uniqueness of `′, r′ follows from the fact that
|LxR−1| = |L−1xR| = |L| |R|.
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If ϕ = id then λ`′,r′ = λ
−1
`,r , which is λ`−1,r−1 , by Lemma 3.2(a). Then, by Lemma 3.2(b),
`′ = z`−1 and r′ = zr−1, for some z ∈ Z(G). Hence z = `′` = r′r ∈ L` ∩ Rr ∩ Z(G).
Conversely if z ∈ L` ∩Rr ∩ Z(G), then there exist `′ ∈ L, r′ ∈ R such that z = `′` = r′r. By
Lemma 3.2, this implies that λ`′,r′ = λ`−1,r−1 = λ
−1
`,r , and hence that the map ϕ := λ`,r ◦λ`′,r′
is the identity map. This proves condition (1ˆ).
Condition (2ˆ) follows from the condition of Definition 1.2(2) and Lemma 3.1(b). We now
consider condition (3ˆ). Supppose that ϕ := λ`1,r1 ◦ λ`−12 ,r−12 6= id, where the `i ∈ L, ri ∈ R.
Suppose for a contradiction that ϕ fixes the element g ∈ G. Then g = (g)ϕ = `2(`−11 gr1)r−12 ,
and hence r1r
−1
2 = g
−1(`1`−12 )g ∈ (LL−1)g ∩ (RR−1), contradicting the condition of Defini-
tion 1.2(3). Hence ϕ ∈ D(G). 
It follows from Lemma 3.1(b) that condition (2ˆ) above is equivalent to Definition 1.2(2).
Also the proof above shows that Definition 1.2(3) implies condition (3ˆ), while parts (1) and
(3) of Definition 1.2 are used together to obtain condition (1ˆ).
Question 3.4 Under what conditions on L and R do the conditions (1ˆ)–(3ˆ) imply that (L,R)
has the 2S-Cayley property?
Our next task is to prove Theorem 1.5.
Proof of Theorem 1.5. We consider Γ = 2SCay(G;L,R), where L,R are inverse-closed
subsets of a group G with the 2S-Cayley property. In particular, by Theorem 1.3, Γ is a
simple undirected graph.
Suppose first that Γ is connected. Then, for each g ∈ G, there is a path from the vertex
e to g, and hence `−1k `
−1
k−1 . . . `
−1
1 er1 . . . rk−1rk = g, for some k and some `i ∈ L, ri ∈ R. Thus
g = xy with x = `−1k `
−1
k−1 . . . `
−1
1 ∈ 〈L〉 and y = r1 . . . rk ∈ 〈R〉, and so G = 〈L〉 〈R〉. Choosing
the element g to be ` ∈ L, we obtain an expression e = `−1xy and here `−1x is a word in
L = L−1 of length k + 1 and y is a word in R of length k. Thus condition (∗) holds.
Next suppose that G = 〈L〉 〈R〉, and let g ∈ G. Then we have g = xgyg, where xg, yg
are words in L,R, respectively. Suppose first that (∗) holds. Then there are words xe, ye in
L and R respectively, with lengths of opposite parity such that xeye = e. If necessary, by
replacing xg by xgxe and yg by yeyg, we may assume that the lengths of xg and yg have the
same parity. Moreover, by Definition 1.2(3), e ∈ (LL1) ∩ (RR−1) = L2 ∩ R2, so we may
modify xg and yg further and assume that xg and yg have the same length. These words then
give a path in Γ from e to g. Hence Γ is connected.
Now assume that G = 〈L〉 〈R〉 with L,R inverse-closed, but that condition (∗) fails. It
follows from our proof above that Γ is not connected. Let g ∈ G be expressed as g = xgyg as
above. Using the property e ∈ L2 ∩ R2, we may modify xg, yg so that either (i) |xg| = |yg|,
or (ii) |xg| = 1 + |yg|. Since (∗) fails, for each expression e = xeye with xe, ye words in L,R
respectively, the lengths of xe, ye must have the same parity. This implies that, for a given
element g, either each expression satisfies (i) or each expression satisfies (ii). Note that (ii)
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Γ′ ϕ
2SCay(G;R,L) g 7→ g−1
2SCay(G;Lσ, Rσ) g 7→ gσ
2SCay(G;Lx, Ry) g 7→ x−1gy
Table 1: Isomorphisms in the proof of Theorem 1.7
holds for each ` ∈ L and each r ∈ R, and we have an edge from ` to `−1`r = r. If (i) holds
for g then we obtain a path in Γ from e to g. Suppose then that (ii) holds for g, and let ` be
the last letter of L in the word xg. Then the expression g = xgyg satisfying (ii) gives a path
in Γ from ` to g. Thus Γ has two connected components, and they are the sets described in
Remark 1.6. 
4 Some isomorphisms of two-sided Cayley graphs
In this section we prove Theorems 1.7 and 1.8.
Proof of Theorem 1.7. We consider Γ = 2SCay(G;L,R), where L,R are non-empty
subsets of a group G, and we are given x, y ∈ G, and σ ∈ Aut(G). It is straightfoward to check
that each of the conditions of Definition 1.2 holds for one of the pairs (L,R), (R,L), (Lσ, Rσ),
(Lx, Ry) if and only if it holds for all of them, noting, for example, that (Lσ(Lσ)−1)g ∩
Rσ(Rσ)−1 = ((LL−1)σgσ−1 ∩RR−1)σ. This proves part (a).
Now suppose that (L,R) has the 2S-Cayley property. Then, for each of the graphs Γ′ in
Table 1, it is straightforward to check that the map ϕ : G→ G in the same line of the table
is an isomorphism from Γ to Γ′. For example, in the third line, ϕ maps the arc (g, `−1gr) of
Γ to the pair (x−1gy, (`x)−1x−1gyry) which is an arc of 2SCay(G;Lx, Ry). 
Now we prove Theorem 1.8, which implies that the Petersen graph is not a two-sided
Cayley graph for any group of order 10.
Proof of Theorem 1.8. Let Γ = 2SCay(G;L,R), where L,R are subsets of a group G with
the 2S-Cayley property, and suppose that Γ is connected and regular of prime valency p, that
is, each vertex lies on exactly p edges. Suppose moreover that Γ is not a Cayley graph. Then
p is an odd prime, since each connected graph of valency 2 is a cycle, and hence a Cayley
graph. By Theorem 1.3, the valency of Γ satisfies p = |L|.|R|, and so {|L|, |R|} = {p, 1}. Also,
by Theorem 1.7(b), Γ ∼= 2SCay(G;R,L), and so, up to isomorphism, we may assume that
|L| = p and |R| = 1. Let R = {r}. If r ∈ Z(G), then each element g is adjacent precisely to
the vertices `−1gr = `−1rg, for ` ∈ L, and hence Γ = Cay(G,L−1R), a contradiction. Hence
r lies in a G-conjugacy class C of non-central elements, and (a) holds. Note that L ∩ C = ∅
by Definition 1.2 (2).
11
Since Γ is connected, each g ∈ G can be reached by a path from e, and by the definition
of adjacency and using Definition 1.2 (1), we find that g = `−1k . . . `
−1
1 er1 . . . rk, for some
`i ∈ L, ri ∈ R. Hence G = H 〈r〉, where H = 〈L〉. Now by Definition 1.2 (1) with g = e,
we have L−1r = Lr−1, and hence r2 ∈ H. Suppose that H 6= G. Then H has index 2 in
G. Consider the bijection θ : G → H × Z2 given by θ : h 7→ (h, 0), hr 7→ (h, 1) for h ∈ H.
Then θ induces an isomorphism from Γ to Σ := Cay(H ×Z2, L′) where L′ = {(`−1, 1)|` ∈ L}
(since, for all h ∈ H, an arc (h, `−1hr) is mapped to an arc ((h, 0), (`−1h, 1)) of Σ, while an
arc (hr, `−1hr2) of Γ is mapped to an arc ((h, 1), (`−1hr2, 0)) of Σ). This contradiction shows
that H = G, so part (b) is proved.
If G is abelian then there are no non-central elements, so (a) fails and therefore each Γ
is a Cayley graph. Suppose now that G = 〈a, b | an = b2 = e, bab = a−1〉 ∼= D2n with n
odd. Let Z = 〈a〉 ∼= Zn, and note that the set of involutions in G forms a single conjugacy
class and equals G \ Z. Let Γ, L,H, r, C be as above. Since G = H, it follows that L must
contain some element of G \ Z, and by Theoprem 1.7 we may assume that b ∈ L. Since
L ∩ C = ∅, the element r belongs to Z, and in particular |r| is odd (dividing n, recall that
r 6= e). By Definition 1.2(1), L−1gr = Lgr−1, and hence L−1(gr2g−1) = L, for each g ∈ G.
Now gr2g−1 = r2 or r−2 according as g ∈ Z or g 6∈ Z. Thus L−1r±2 = L. For each involution
b′ ∈ L (for example, b′ = b), this implies that L contains b′s for each s ∈ 〈r2〉 = 〈r〉 (recall
that |r| is odd). Simlarly if ai ∈ L then a−ir±2 ∈ L, and hence also air±4 ∈ L: so in this
case we again find that L contains ais for each s ∈ 〈r4〉 = 〈r〉. Thus L is a union of cosets of
the subgroup 〈r〉, and hence |L| = p is divisible by |r|. It follows that |r| = p, L = b〈r〉, and
hence that G = 〈L〉 = D2p so n = p. An easy calculations shows that Γ is the Cayley graph
Cay(G,L). This contradiction completes the proof. 
5 Two-sided Cayley graphs and Cayley graphs
We begin by proving Theorem 1.9, which gives sufficient conditions on L,R for a two-sided
Cayley graph 2SCay(G;L,R) to be a Cayley graph. Recall, for a group G, the regular
permutation groups in Sym(G), GR = {λe,g|g ∈ G} and GL = {λg,e|g ∈ G}, each isomorphic
to G.
Proof of Theorem 1.9. Let L,R be subsets of a group G with the 2S-Cayley property,
and let Γ = 2SCay(G;L,R). By Definition 1.2(1), each arc of Γ has the form a = (x, `−1xr)
for some x ∈ G, ` ∈ L, r ∈ R.
Suppose first that L−1gR = L−1Rg for each g ∈ G. Then a = (x, `−1r′x) for some r′ ∈ R.
The image of the arc a under an element λe,g ∈ GR is the pair (xg, `−1r′xg) = (xg, `−1xgr′′),
for some r′′ ∈ R (using L−1(xg)R = L−1R(xg)), and this is again an arc. Hence λe,g
is an automorphism of Γ, and it follows that Aut(Γ) contains the regular subgroup GR.
Thus, by Sabidussi’s Theorem [14], Γ is a Caley graph for G. Indeed, since each vertex x is
adjacent precisely to the vertices in L−1Rx it follows that Γ = Cay(G,L−1R). Conversely if
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GR ≤ Aut(Γ), then the set of vertices adjacent to x = (e)λe,x is equal to the image under λe,x
of the set L−1R of vertices adjacent to e, and this is the set L−1Rx. Thus L−1xR = L−1Rx
for each x. Here Γ = Cay(G,L−1R).
A similar proof shows that, the condition L−1gR = gL−1R, for each g ∈ G, holds if and
only if Aut(Γ) contains the regular subgroup GL. (In this case Γ ∼= Cay(G,R−1L) under the
isomorphism g 7→ g−1 for g ∈ G.) 
Now we give sufficient conditions for 2SCay(G;L,R) to be a Cayley graph, as mentioned
in Remark 1.10. For any subset H of a group G , the normalizer of H in G is NG(H) = {g ∈
G |Hg = gH}. It is a subgroup of G.
Proposition 5.1 Let L,R be subsets of a group G with the 2S-Cayley property, and let
Γ = 2SCay(G;L,R). Then Γ is a Cayley graph if at least one of the following conditions
holds :
(δ) (NG(L
−1) ∩NG(L−1R)).NG(R) = G,
(δ′) NG(L−1).(NG(L−1R) ∩NG(R)) = G.
In particular, if G = NG(L) then Γ = Cay(G,L
−1R), and if G = NG(R) then Γ ∼=
Cay(G,R−1L).
Proof. Let g ∈ G. We show that L−1gR = L−1Rg if condition (δ) holds. From (δ) we have
g = xy where x ∈ NG(L−1) ∩NG(L−1R)) and y ∈ NG(R). Therefore, L−1gR = L−1xyR =
xL−1Ry = L−1Rxy = L−1Rg and then, by Theorem 1.9, Γ = Cay(G,L−1R). A similar
argument shows that condition (δ′) implies that L−1gR = gL−1R for each g in G. Then by
Theorem 1.9, Γ ∼= Cay(G,R−1L). 
Finally, as mentioned in Remark 1.10, we study elements in 〈GL, GR〉 = {λx,y |x, y ∈ G}
which act as automorphisms of 2SCay(G : L,R), and obtain a sufficient condition for vert-
transitivity.
Proposition 5.2 Let L,R be non-empty subsets of a group G, and let Γ = 2SCay(G;L,R).
Then Aut(Γ) contains K := {λx,y |x ∈ NG(L), y ∈ NG(R)} and NAut(G)(L)∩NAut(G)(R). In
particular, K acts vertex-transitively on Γ if and only if G = NG(L)NG(R).
Proof. We note that NG(L) is a subgroup and is equal to NG(L
−1), with similar comments
for NG(R). Let λx,y ∈ K, and let a = (g, `−1gr)) be an arc of Γ. The image of a under λx,y
is the pair (x−1gy, x−1`−1gry), and this is an arc of Γ since x−1`−1gry = (`′)−1(x−1gy)r′, for
some `′ ∈ L and r′ ∈ R, by the definition of K. Let σ ∈ NAut(G)(L) ∩NAut(G)(R). Then the
image of a under σ is (gσ, `−σgσrσ), and this is an arc of Γ since `σ ∈ L, rσ ∈ R.
Let g ∈ G. Suppose first that G = NG(L)NG(R). Then g = xy for some x ∈ NG(L), y ∈
NG(R), and λx,y ∈ K maps e to g so K is vertex-transitive. Conversely suppose that K is
vertex-transitive, so some λx,y ∈ K maps e to g. Then g = x−1ey ∈ NG(L)NG(R). 
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The conditions involved in the 2S-Cayley property become much simpler in the case where
G = NG(L)NG(R).
Proposition 5.3 Let L,R be non-empty subsets of a group G such that G = NG(L)NG(R),
and let Γ = 2SCay(G;L,R). Then (L,R) has the 2S-Cayley property if and only if the
following all hold.
(1′) L−1R = LR−1;
(2′) L ∩R = ∅;
(3′) L−1L ∩R−1R = {e}.
Proof. We give full details for part (2′). Let g ∈ G. Since NG(L)NG(R) = G, g = `r for
some ` ∈ NG(L) and r ∈ NG(R). Recall that NG(L) = NG(L−1), etc.
Lg ∩R = ∅ ⇐⇒ L`r ∩R = ∅
⇐⇒ L` ∩Rr−1 = ∅
⇐⇒ L ∩R = ∅.
Thus Definition 1.2(2) holds if and only if L ∩R = ∅. Similar proofs show that, for i = 1, 3,
Definition 1.2(i) holds if and only if (i′) holds. 
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